This paper formulates a four kinetic state model for fast axonal transport. The paper further develops the Smith-Simmons model that is based on equations governing intracellular molecular-motor-assisted transport; these equations are extended by considering four rather than three kinetic states for organelles. The model considers plus-end and minus-end-oriented organelles that can be either free (suspended in the cytosol) or attached to microtubules (MTs) (in the latter case organelles are transported by molecular motors). The paper then develops a method for uncoupling differential equations of the proposed model. A perturbation solution of this problem is obtained. The effect of transition between plus-end-oriented and minus-end oriented organelles is discussed. The accuracy of the obtained perturbation solution is evaluated by comparing the zero-order and the first-order results with a high-accuracy numerical solution.
Introduction
Since cell synthetic machinery is almost exclusively concentrated in the neuron soma, axons, which in a human body can reach up to one meter in length, heavily depend on transport of various intracellular organelles needed for their growth and maintenance (Barkus et al. [1] ). Transport of intracellular organelles occurs by two modes: diffusion and molecular-motor-driven transport. The latter is especially important for large organelles since diffusivity of a particle is inversely proportional to its radius; there-fore, large organelles have small diffusivities. Molecularmotor-driven transport in axons occurs along MTs. Active transport toward MT plus-ends is powered by molecular motors that belong to kinesin superfamily while that toward MT minus-ends (this mode is important for the return of used components to the neuron soma for reprocessing) is powered by molecular motors that belong to dynein family (Vallee and Bloom [2] , Linial [3] , Holzbaur [4] , Goldstein and Yang [5] , Muresan [6] , Hollenbeck and Saxton [7] ). Since defects in axonal transport are linked to many neurodegenerative diseases, such as Alzheimer's disease (Hurd and Saxton [8] , Martin et al. [9] , Goldstein [10] , Stokin et al. [11] ), mechanistic understanding of axonal transport is important. In particular, there is currently a lot of discussion on whether the axonal swellings, which are a prominent pathological feature of Alzheimer's disease, can be mechanistically explained as traffic jams of organelles leading to the development of the disease, or they are rather a consequence of failed retrograde transport of spent mitochondria. In the latter case the swellings can be viewed as a defense mechanism resulting from autophagocytosis and lysosomal degradation of old or damaged mitochondria with low membrane potential that helps suppressing the cell death signaling caused by permeability transition in these spent mitochondria (Miller and Sheetz [12] , Pilling et al. [13] ). This paper is based on the model of fast molecular-motor-assisted transport in neurons developed by Smith and Simmons [14] . The Smith-Simmons model assumes three kinetic states for organelles: free organelles, which can be transported by diffusion; organelles transported on MTs by plus-enddirected molecular motors, and organelles transported on MTs by minus-end-directed molecular motors. In this paper, the Smith-Simmons model is extended by allowing for four kinetic states of organelles (see Fig. 1a ). All organelles are divided into the plus-end-directed and the minus-end directed organelles (the plus-end-directed organelles are attached to kinesin molecular motors while the minus-end-directed organelles are attached to dynein molecular motors). The plus-end-directed organelles are divided into the free organelles (suspended in the cytosol and transported by diffusion),˜ 0+ , and the organelles pulled by molecular motors running on MTs,˜ + . The same is done with the minus-end-directed organelles: they are divided into the free organelles,˜ 0− , and the organelles transported on MTs by molecular motors,˜ − . This division is motivated by the kinetic diagrams suggested in Jung and Brown [15] (it should be noted that the diagrams in [15] were developed for slow rather than fast axonal transport; the diagram presented in Fig. 1a is adjusted for fast axonal transport). The reason why the free (off-track) organelles are split into two groups (the free plus-end-directed organelles,˜ 0+ , and the free minusend-directed organelles,˜ 0− ) is the fact that switching the type of a molecular motor (or molecular motors, if an organelle is pulled by more than one motor) requires an elaborate molecular mechanism and cannot not occur very often; in fact, available biological data (at least for slow axonal transport) suggest that such switching occurs much less frequently than the attachment of free organelles to MTs. The purpose of this paper is to develop governing equations based on the four kinetic state model discussed above and then develop a method for uncoupling these equations utilizing a perturbation technique.
Governing equations
Various hydrodynamic models of traffic jams have been considered in [16] [17] [18] [19] . In developing the governing equation for this paper, it is assumed that the MT polarity orientation in axons is uniform; the plus end of each MT is directed away from the neuron soma toward the axon terminal (Alberts et al. [20] ). The equations governing transport of organelles in an axon (schematic diagram of the MT orientation in an axon is displayed in Fig. 1b) are as follows.
Dimensionless variables in Eqs. (1)- (4) are introduced as follows: is the diffusivity of free (off-track) organelles with retrograde (minus-end) motors attached to them;˜ is the linear coordinate along the MT tracks;L is the length of the axon;˜ − is the average velocity of organelles moving toward the MT minus end (in an axon this is the motor velocity generated by a dynein-family molecular motor), − is negative;˜ + is the average velocity of organelles moving toward the MT plus end (in an axon this is the motor velocity generated by a kinesin-family molecular motor),˜ − is the first order rate constant for binding to MTs for minus-end-oriented organelles (organelles with retrograde molecular motors attached to them);˜ + and˜ − are the first order rate constants for detachment from MTs for plus-end-oriented and minus-end-oriented organelles, respectively;˜ 0+ is the first order rate constant describing the probability for a free minus-end-oriented organelle to become a free plus-end oriented organelle (to detach from a retrograde molecular motor and attach to an anterograde molecular motor), and˜ 0− is the first order rate constant describing the probability for a free plus-end-oriented organelle to become a free minus-end oriented organelle (to detach from an anterograde molecular motor and attach to a retrograde molecular motor). Equations (1)- (4) are solved subject to the following boundary conditions. At the left-hand side boundary of the axon, = 0:
In Eq. 
whereÑ L+ andÑ L− are constant number densities of free particles with anterograde/retrograde motors attached to them, respectively, maintained at = L and σ L is the degree of loading of minus-end-oriented organelles at = L. The total dimensionless flux of organelles is the sum of the flux of organelles due to diffusion, , and the flux of organelles due to the motor-driven transport, : 
Perturbation solution
First biological data justifying the approach adopted in this research are briefly discussed. For kinesin-1 (conventional kinesin), the average attachment rate to MTs is estimated as 5 s for all attachment/detachment rates in a standard set of primary parameters for numerical work. Jung and Brown [15] estimated the rate of transition of off-track organelles with minus-end-directed motors attached to those with plus-end-directed motors attached as 1 4 × 10 , but these estimates are for slow axonal transport and the rates would probably be somewhat larger for fast axonal transport. Two observations can be made from these data: the average detachment rate is probably a little smaller than the average attachment rate and the reversal rate (the rate of changing the type of a molecular motor the free organelle is attached to) is a whole lot smaller than either the attachment or detachment rate from/to MTs. This implies that the value of parameter ε must be much smaller than any other kinetic rate used in the model, which suggests that the solutions of Eqs. (1)- (4) can be approximated by the following truncated perturbation series:
Zero-order results
Governing equations for (0) 0+ and (0) + are
Eqs. (15) and (16) must be solved subject to the following boundary conditions:
Eliminating (0) + from Eqs. (15) and (16) and integrating with respect to results in:
The general solution of equation (19) is
where µ 1 and µ 2 are the roots of 
where the integration constant 3 is found by substituting Eq. (23) into boundary condition (17b). Governing equations for (0) 0− and
Eqs. (24) and (25) must be solved subject to the following boundary conditions:
Eliminating (0) − from Eqs. (24) and (25) and integrating with respect to results in:
The general solution of Eq. (28) is
where λ 1 and λ 2 are the roots of
Constants 0 , 1 , and 2 in Eq. (29) are found from boundary conditions given by Eqs. (26) and (27a) and the following boundary condition that is obtained by eliminating 
where integration constant 3 is found by substituting Eq. (32) into boundary condition (27b).
First-order results
Governing equations for (1) 0+ and (1) + are
Eqs. (33) and (34) must be solved subject to the following boundary conditions:
(1)
The solutions for (1) 0+ and (1) + are obtained in the Appendix (see Eqs. (A3) and (A5), respectively). Governing equations for (1) 0− and (1)
Eqs. (37) and (38) must be solved subject to the following boundary conditions:
The solutions for ( 
Results and discussion
In addition to published biological data already discussed in the beginning of section 3, the following data are also used in selecting parameter values used in computations. According to Vale et al. [24] and Carter and Cross [25] , kinesin-1 walks to the MT plus-end with the average velocity of 1 µm/s. According to King and Schroer [26] and Toba et al. [28] , cytoplasmic dynein walks to the MT minus-end with approximately the same average velocity of 1 µm/s. These values are given for the case when an organelle is moved by a single molecular motor. The velocity can be much larger if an organelle is moved by several motors pulling in the same direction; maximum velocities of organelles in neurons are reported to be 3.5 to 5 µm/s (Kural et al. [29] , Hill et al. [30] ). Diffusivities of organelles can be estimated using EinsteinStokes relation; based on that Smith and Simmons [14] estimated the diffusivity of a 1-µm sphere in water as 0.4 µm 2 /s; this value was rounded down to 0. and kinetic processes between them; note that the reversal rates,˜ 0+ and˜ 0− (the rates of changing the type of a molecular motor the free organelle is attached to) are expected to be small because switching the type of a molecular motor requires an elaborate molecular mechanism and cannot not occur very often; (b) Schematic diagram of the coordinate system and the MT orientation in the axon.
order result, (0) 0+ , the result incorporating the first-order correction, (0) 0+ + ε (1) 0+ , and the high-accuracy numerical solution (this solution is obtained using a very small mesh size, it is grid-independent, so that for practical purposes it can be considered to be exact) for the number density of free organelles with plus-end-directed motors attached to them, 0+ . Fig. 2b shows the similar distributions for the number density of organelles transported on MTs by plus-end-directed motors, + . Physically, the zero-order results neglect the reversal rates; this means that they neglect the possibility for an organelle to switch the type of a molecular motor it is attached to. The zero-order approximation thus assumes that organelles initially attached to plus-end motors will always remain that way; the same is true for organelles attached to minus-end motors. The results shown in Figs. 2a, 2b throw some light on the effect of reversal. Indeed, these figures show that the effect of reversal is to decrease the concentration of organelles with plus-end motors; this applies to both free organelles ( Fig. 2a) and organelles transported on MTs (Fig. 2b) . The effect is to the first order, it is due to the fact that if reversal is accounted for, some plus-end-oriented organelles can lose the plus-end motors and attach themselves to minus-end motors. The effect appears only in the first-order results because zero-order results neglect the reversal. 
0+ , and number density of organelles transported on MTs by plus-end-directed motors, (1) + . Note that for plusend-oriented organelles the first-order correction is negative; (b) Number density of free organelles with minusend-directed motors attached to them, (1) 0− , and number density of organelles transported on MTs by minus-enddirected motors, (1) − . Note that for minus-end-oriented organelles the first-order correction is positive. ; this component of the organelle flux heavily depends on the size of organelles since particle diffusivity is inversely proportional to its radius; (b) Rate of organelle transfer due to motor-driven transport,
; this component provides the major transfer mode for large organelles whose diffusivity is small.
Figs. 3a, 3b are similar to Figs. 2a, 2b, they show similar curves for minus-end-oriented organelles. Fig. 3a shows the results for free organelles while Fig. 3b shows the results for organelles transported on MTs. The effect of reversal is again to the first order; the reversal increases the concentration of minus-end-oriented organelles. This applies to both free organelles and organelles transported on MTs. Figs. 4a and 4b show first-order corrections for the number densities of plus-end-oriented and minus-endoriented organelles, respectively. For plus-end-oriented organelles the first-order correction is negative while for minus-end-oriented organelles the first-order correction is positive. This is because the first-order correction accounts for reversals, and reversals result in transition from plus-end-oriented to minus-end-oriented organelles. This is so because reversals can occur only between free organelles (see the kinetic diagram in Fig. 1a) ; the concentration of free plus-end-oriented organelles, 0+ , is much larger than the concentration of free minus-end-oriented organelles, 0− (this is true everywhere in the axon except at the = 0 boundary, where these concentrations are equal, compare Figs. 2a and 3a) ; 0+ is larger than 0− because in the diffusion boundary layer at the lefthand side boundary of the axon, 0− drops very fast as increases, which happens due to the fact that minusend-oriented organelles attach to MTs and then they are transported by molecular motors a short distance to the left and leave the axon as they enter the neuron soma (note a sharp increase of − near = 0, as minus-end-oriented organelles that are transported to the left approach the neuron soma), these sharp increase is due to free minusend-oriented organelles attachment to MTs. Fig. 5a displays the rate of organelle transfer due to diffusion, , while Fig. 5b displays the rate of organelle transfer due to motor-driven transport, . The rate of diffusion is almost completely insensitive to the order of approximation (all three curves displaying the zero-order approximation, the first-order approximation, and the high-accuracy numerical solution almost coincide, see Fig. 5a ). However, the rate of motor-driven transport is quite dependent on approximation (see Fig. 5b) ; the zero-order approximation predicts the largest motor-driven transport while the first-order approximation overcorrects it (the curve corresponding to the first-order approximation is a little lower than the numerical solution). Diffusion is important only in two diffusion boundary layers, one near = 0 and the other near = L; between these boundary layers diffusion is negligible and transport of organelles is almost exclusively motor-driven. Fig. 6a shows the total number density of organelles, , which is the quantity accessible to experiments. drops sharply in the beginning of the axon, then remains almost constant in the region between the diffusion boundary layers, and then drops sharply again. Fig. 6b shows the total rate of organelle transfer (due to diffusion and motor-driven transport), . Figure 6 . Total number density of organelles, ; this is the quantity accessible to experiments; (b) Total rate of organelle transfer (due to diffusion and motor-driven transport), ; this quantity remains constant due to the steady-state formulation of the problem.
Eqs. (11)- (14) result in the following approximations for the fluxes:
where
and
Due to the steady-state formulation of the problem the total flux of organelles must remain constant, independent of (for a steady-state problem, no organelle accumulation in a control volume (CV) is possible; therefore, the flux of organelles entering the CV at the left-hand side boundary must be equal to that leaving the CV at the right-hand side boundary). The fact that is independent of can be mathematically proven by adding Eqs. (1) through (4) (as one does it, the kinetic terms cancel out due to conservation of species) and then integrating the resultant equation with respect to . Remarkably, Fig.  6b indicates that the zero-order approximation, (0) , and the first-order approximation, (0) + ε (1) , are also independent of . This can be proven by adding Eqs. (15) , (16) , (24) , and (25) for the zero-order approximation (and Eqs. (33), (34), (37), and (38) for the first-order approximation) and integrating the resultant equations with respect to . Using the zero-order approximation ( (0) ) results in overpredicting the value of by 16.88% compared to the value given by the high-accuracy numerical solution while using the first-order approximation ( (0) + ε (1) ) results in underpredicting the value of by 3.06% compared to the numerical solution.
Conclusions
A perturbation solution for a steady-state problem of organelle transport in an axon is obtained. The model includes four kinetic states of organelles (free plusend-oriented and minus-end-oriented organelles as well as plus-end-oriented and minus-end-oriented organelles transported by molecular motors on MTs). The zero-order approximation neglects the reversal rates, which means that under this approximation organelles initially attached to plus-end motors will always remain that way; the same is true for organelles attached to minus-end motors. Reversal (transition between plus-end and minusend-oriented organelles) is thus the effect to the first order. It is shown that reversal decreases concentrations of plus-end-oriented organelles and increases concentrations of minus-end-oriented organelles. With respect to modes of organelle transport, it is established that diffusion is important only in two diffusion boundary layers, one at the neuron soma and the other at the axon terminal; between these boundary layers diffusion is negligible and transport of organelles is almost exclusively motor-driven. For a steady-state problem considered in this research the total flux of organelles due to diffusion and motor-driven transport must be independent of ; it is established that this property also holds for both zero-order and first-order approximations of . Using the zero-order approximation results in overpredicting the value of while using the first-order approximation results in underpredicting the value of by a small amount. 
The general solution of Eq. (A2) is
(1) 
where the integration constant 3 is found by substituting Eq. (A10) into boundary condition (40b).
